This note studies a special case of Artin's projective geometry 1] for non-commutative graded algebras. It is shown that (most of) the line modules over the homogenization of the enveloping algebra U (sl(2; C )) are in bijection with the the lines lying on the quadrics which are the (closures of the) conjugacy classes in sl(2; C ). Furthermore, these line modules are the homogenization of the Verma modules for sl(2; C ).
1 Level quadrics for sl(2; C ) Throughout we will write g = C e C f C h and de ne a vector space isomor- We identify g with g through the Killing form induced by the nondegenerate pairing sl(2; C ) sl(2; C ) ! C ; (x; y) ! Tr(x:y):
Transfering this to g, gives the identi cations e = f ; f = e and h = 2h . Under this identi cation the nilpotent cone (resp. the conjugacy class of h) is given by the equation det = ? Suppose that = 0, so that Q( ) is the nilpotent cone. We can choose a basis for sl(2; C ) such that`= fx + y j 2 C g where x = 0 1 0 0 and y = a b c d : Since det(x+ y) = 0 for all , a calculation shows that det(y) = 0 and c = 0 (whence a = 0 also). Thus y is a scalar multiple of x, so the line is`= C x =`b ; having standard basis x; H where H satis es H; x] = 2x (such an H does exist since every non-zero nilpotent element belongs to some standard triple).
Conversely, we have already seen that`b ; lies on the quadric Q( M. Artin 1] associates to any regular algebra R its quantum space Proj(R) which is by de nition the quotient-category of all nitely generated graded left R-modules by the full Serre subcategory of the nite length modules. We will denote the quantum space associated to A by Q(g). We want to characterize the linear subspaces in Q(g). There are three types to consider : As in 6] these modules (together with A and the trivial module A=Ae + Af + Ah + At) are precisely the Cohen-Macaulay modules of multiplicity one. We will associate to each of them a linear subspace in ordinary IP 3 . As dim(A 1 ) = 4 and the homogeneous degree 1 component of a plane (resp. line, point) module is 3 (resp. 2, 1) one can nd a 2 A 1 (resp. a; b 2 A 1 ; resp. a; b; c 2 A 1 ) and surjections A=Aa ! S resp. A=(Aa + Ab) ! L; resp. A=(Aa + Ab + Ac) ! P (in fact we will see shortly that these maps have to be isomorphisms). Hence to each plane (resp. line, point) module we can associate a plane (resp. line, point) in IP 3 = IP(A 1 ) namely V(a) (resp. V(a; b), resp. V(a; b; c)). We will now determine which linear subspaces of IP 3 arise in this way. We observe that there is a dichotomy in the problem. As a linear subspace module is critical (because it is of multiplicity 1) it follows from 6] that t either kills the module or acts faithfully. The rst case gives a linear subspace module From the dichotomy remark it follows that a point-module either corresponds to a point on the plane at in nity (when it is killed by t) or corresponds to the 1-dimensional g-module, whence it corresponds to the origin in g (which is being identi ed with the complement to the plane at in nity). In the rst case we can take a = t and let b; c determine the point in Proj(A=At) = IP There is a surjection A=Aa + Ab ! L for some a; b 2 A 1 since dimL 1 = 2. Clearly, we can change a; b if necessary so that a = y , b = z + t with y; z 2 g. Let x; y; z be a basis of g. Then, the following seven linearly independent elements in A 2 belong to Aa + Ab : xy; yy; ty = yt; x(z + t); y(z + t); z(z + t); t(z + t) = (z + t)t As dimL 2 = 3 and dim(A 2 ) = 10 these elements must be a basis for (Aa+Ab) 2 .
Note that both yz = y(z + t)? yt and zy belong to this space. Hence yz ?zy can be written as a linear combination of the seven elements. If 6 = 0 then only ty can occur with non-zero coe cient and if = 0 so might tz. At any rate b = C y C z is a two dimensional Lie subalgebra of g and hence is a Borel subalgebra.
But then A=(Aa + Ab) is the homogenization of U(g) ] is a 1-critical module generated in degree 0, and having constant Hilbert series, and a fat point is a module which is an A-module which is equivalent to a fat point module in the sense that they give isomorphic objects of Proj(A).
This is reminiscent of some of the results on the Sklyanin algebra in 9]. Homogenized sl(2; C ) shares some other common features with the Sklyanin algebra: for example annihilators of line modules behave in a similar way. We leave the details to the interested reader.
The quantum space of any 3-dimensional Lie algebra has similar properties. Let us brie y sketch the case of the 3-dimensional Lie algebra h = C x C y C z with z central and x; y] = z. The corresponding algebra H(h) is C x; y; z; t] with relations xy ? yx = zt and z and t central;
The point variety in Q(h) = Proj(H(h)) is determined by the ideal tz(z; t) so consists of the union of the plane V(z) and the plane at in nity V(t); their intersection is an embedded component. The line-modules of H(h) are precisely the lines in the pencil of planes P( ) = V(z + t) for 2 IP 1 which has as its base locus the embedded component (z; t).
